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Abstract

We briefly and informally review the concepts of size, shape, and form and how they are estimated
in geometric morphometrics using Procrustes analysis. We demonstrate how deformation grids
and reconstructed shapes or forms can be used as powerful tools to visualize shape and form di!er-
ences. Complex patterns of individual or group di!erences can be studied e!ectively by ordinations
of shape space or form space. Allometry, the statistical relationship between size and shape, is es-
timated in geometric morphometrics by regression of the Procrustes shape coordinates on centroid
size. We illustrate these methods by an application to human face shape. We reveal shape cues to
body size in the adult male face, partly resembling ontogenetic allometry. Facial allometry might
thus be an important confounding factor in studies of face perception and human mate choice.

During the last two decades, geometric morphometrics became the

state-of-the-art method for statistical shape analysis in biology (Rohlf

and Marcus, 1993; Bookstein, 1996; Adams et al., 2004; Mitteroecker

and Gunz, 2009; Klingenberg, 2010). In this paper we briefly and in-

formally review the concepts of size, shape, and form, and how they

are estimated in geometric morphometrics. We further discuss how

the classic concept of allometry is analyzed in contemporary geomet-

ric morphometrics and illustrate this by an application to human facial

form. In the Appendix we provide some algebraic details on the visu-

alization of shape and form di!erences.

Size and shape
It is a common practice in morphometrics to distinguish between the

size and the shape of a biological structure. The shape of an object

are the geometric properties that are invariant to translation, rotation,

and scaling. In other words, the shape of an object is una!ected by

changes in the position, the orientation, and the size of the object. Two

objects have the same shape if they can be translated, rescaled, and

rotated to each other so that they match exactly. For instance, the shape

of a rectangle, which can be described by the ratio of the two di!erent

side lengths, does neither depend on the size of the rectangle, nor on

its position and orientation. By contrast, the term form refers to the

geometric properties invariant only to translation and rotation. Hence,

form can be considered as “size-and-shape” (e.g., Dryden and Mardia

1998). The form of a rectangle (measured, for instance, by the two side

lengths or by one side length together with the ratio of side lengths)
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does not depend on the position and orientation of the rectangle, but

both on its size and shape.

The size or scale of di!erent objects is easy to quantify when the ob-

jects all have the same shape. For a set of rectangles, all of the same

shape, any side length or diagonal length would be an equally suitable

size measure. But whenever shape varies, size is an ambiguous concept

and no unique quantification exists. For a set of rectangles varying both

in size and shape, a single side length as size measure would be a!ected

both by changes in shape (ratio of side lengths) and by changes in scale.

Composite size measures, such as functions of the sum or of the product

of the side lengths, may be less a!ected by shape changes than single

measurements. Ultimately, it is up to the researcher to decide, based

on biological considerations, whether a single measurement or a com-

posite variable is the most useful size measure.

In contrast to classical morphometric approaches based on linear

distances and angles, geometric morphometric methods are based on

the Cartesian coordinates of measurement points, so-called landmarks.

Landmarks have a position (two or three coordinates) and a name, ex-

pressing some sort of homology across all measured specimens (Book-

stein, 1991). Since the geometry of the measured landmark config-

uration is preserved by the set of landmark coordinates, geometric

morphometrics allows for e!ective visual representations of statistical

results as actual shapes/forms or shape/form deformations (e.g., Book-

stein 1991, 1996; Rohlf and Marcus 1993; Zollikofer and Ponce de

Leon 2002; Adams et al. 2004; Zelditch et al. 2004; Slice 2007; Mit-

teroecker and Gunz 2009).

The most common measure of size used in geometric morphometrics

is centroid size (CS): the square root of the summed squared distances

between all landmarks and their centroid (Fig. 1). The centroid of a

landmark configuration is the average (arithmetic mean) of all land-
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Figure 1 – A configuration of four landmarks (A-D) with their centroid, which is equal
to the average landmark position. Centroid size, the size measure used in geometric
morphometrics, is equal to the square root of the summed squared distances between
the landmarks and their centroid (square root of the summed squared lengths of the
dashed lines).

marks. Centroid size is a composite size measure based on all land-

marks and is proportional to the square root of the summed squared in-

terlandmark distances. It has been shown to be uncorrelated with shape

for small isotropic variation at each landmark (Bookstein, 1991; Dry-

den and Mardia, 1998). Isotropic variation (independent, identically

distributed circular variation at each landmark) is the usual null-model

corresponding to pure noise. It is an important property of a statistical

method that pure noise does not induce an apparent “signal” (in this

case a correlation between size and shape). Real biological data, how-

ever, may deviate considerably from isotropy and hence CS usually is

not unrelated to shape.

The raw landmark coordinates do not only comprise information on

size and shape of the landmark configurations, but also on their po-

sition and orientation. Landmark coordinates hence are not directly

suitable for statistical analysis. The most common approach for separ-

ating shape from size and the “nuisance parameters” position and ori-

entation is Generalized Procrustes Analysis (Gower, 1975; Rohlf and

Slice, 1990). This method comprises three steps: translating all land-

mark configurations to the same centroid, scaling all configurations to

the same centroid size, and iteratively rotating all configurations until

the summed squared distances between the landmarks and their corres-

ponding sample average is a minimum (Fig. 2). The coordinates of the

resulting superimposed landmark configurations are called Procrustes

shape coordinates as they only contain information about the shape of

the configurations. (Note that scaling the configurations to unit CS re-

sembles the usual approaches to size correction but is not the actual

least-squares solution; it has thus been referred to as partial Procrustes

fitting. Also, CS is slightly modified in the course of tangent space pro-

jection. For more details see Rohlf and Slice 1990; Dryden and Mardia

1998; Rohlf 1999).

The standardization for position, scale, and orientation is based on

all landmarks. Alternatively, Procrustes analysis may be based on just

a subset of landmarks, for example when some landmarks are known to

vary in the sample or are subject to some treatment, whereas the other

landmarks are relatively stable (e.g., Bookstein et al. 1999). When the

registration is based on two landmarks only, the resulting shape co-

ordinates are called two-point shape coordinates or Bookstein shape

coordinates (Bookstein, 1991). Alternatives to the commonly used

least-squares oriented Procrustes analysis are maximum likelihood Pro-

crustes analysis (Theobald and Wuttke, 2006) and robust Procrustes

analysis based on medians instead of means (“Resistant Fit”; Slice

1996).

Shape space and form space
Mathematical spaces are widely used in the sciences to represent re-

lationships between complex objects (e.g., Stadler et al. 2001; Mitter-

oecker and Huttegger 2009). In a shape space the shapes of di!erent

objects are represented by single points, related by some notion of dis-

tance or proximity (as a measure of shape di!erence). The mathem-

atical properties of the shape space for landmark configurations, usu-

ally referred to as Kendall’s shape space, have been studied intensively

(e.g., Kendall 1984; Bookstein 1991, 1996; Goodall 1991; Small 1996;

Dryden and Mardia 1998; Rohlf 1999; Slice 2001). For p landmarks

in k dimensions, it is a nonlinear Riemannian manifold of dimension

pk ! k ! k(k ! 1)/2 ! 1, which can be approximated locally by a Eu-

clidean space of the same dimension, a so-called tangent space. Mar-

cus et al. (2000) showed that the Euclidean approximation of shape

space is appropriate for most biological data sets. The metric on Kend-

all’s shape space is Procrustes distance, which is approximated by the

Euclidean distance between two sets of Procrustes shape coordinates

(square root of the summed squared distances between the correspond-

ing landmarks after Procrustes superimposition). Procrustes distance

is a measure of shape di!erence between two landmark configurations.

It is zero only if the configurations have the same shape, and larger than

zero otherwise. Standard multivariate methods, such as principal com-

ponent analysis, can thus be applied to Procrustes shape coordinates in

order to yield a low-dimensional representation (a so-called ordination)

of shape space.

Figure 3a shows the first two principal components for the Procrustes

shape coordinates of the landmark configurations in Fig. 2. Each point

in this plot corresponds to the shape of one landmark configuration;

the plot thus is a low-dimensional representation of shape space. The

principal component loadings (eigenvectors of the covariance matrix of

Procrustes shape coordinates) can be visualized by deformation grids

(“relative warps”; Bookstein 1991).

A space relating the forms of di!erent objects is called form space or

size-and-shape space (or simply size-shape space). For landmark con-

figurations, form space can be constructed in two principal ways: first,

by standardizing the raw landmark configurations for position and ori-

entation as in the usual Procrustes analysis, but not standardizing for

size (e.g., Dryden and Mardia 1998, chapter 8), and second, by aug-

menting the Procrustes shape coordinates with the natural logarithm

of centroid size (ln CS) as an additional variable (Mitteroecker et al.,

2004a). The log transformation guarantees that for isotropic landmark

variation the distribution in size-and-shape space is isotropic as well.

Either set of variables can be used for principal component analysis

(PCA) and other statistical analyses, and the Euclidean distance in these

spaces can be interpreted as a measure of form di!erence. Both ap-

proaches yield similar results for small variation in size and shape, but

they may di!er if shape variation is large. We recommend construct-

ing form space by augmenting the Procrustes coordinates by ln CS,

following Mitteroecker et al. (2004a), because size is explicitly repres-

ented by centroid size in this approach and the loadings or coe"cients

Figure 2 – Procrustes superimposition consists of three steps: translation, scaling, and
rotation. As an example, take five configurations of four landmarks each. The raw land-
mark configurations in (a) are translated so that they all have the same centroid (b).
The centered configurations then are scaled to the same centroid size (c) and iteratively
rotated until the summed squared distances between the landmarks and their correspond-
ing sample average position is a minimum (d). The resulting landmark coordinates are
called Procrustes shape coordinates because variation in position, size, and orientation is
removed.
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Figure 3 – (a) The first two principal components (PCs) of the eight Procrustes shape coordinates for the landmark configurations shown in Fig. 2. This plot is a low-dimensional
representation of shape space, in which every point represents one shape. The actual shapes are drawn next to the corresponding points. (b) The first two PCs of the Procrustes shape
coordinates and the natural logarithm of centroid size (nine variables in total). This plot is a low-dimensional representation of form space: every form is represented by a single point.
The forms (scaled shapes) are drawn next to the corresponding points. Note that di!erences in size and allometric shape are closely aligned with PC 1 of form space (ln CS has a loading
of 0.97 on the first eigenvector). The first PC thus accounts for a larger fraction of variance in form space than in shape space.

for size and shape, resulting from statistical methods such as PCA or

multivariate regression, can directly be compared and interpreted.

In Fig. 3b, the first two PCs of form space (Procrustes shape coordin-

ates plus ln CS) are shown for the landmark configurations in Fig. 2.

This plot is a low-dimensional representation of form space. The forms

are drawn next to the corresponding points. Note that these configur-

ations are the same as those in Fig. 3a, but scaled to their original

size. See the Appendix for more details on the visualization of prin-

cipal components in form space.

Allometry
Allometry is the statistical association between size and shape (Mosi-

mann, 1970), or as formulated by (Gould, 1966, p. 587) with a stronger

emphasis on causality, “the study of size and its consequences”. Al-

lometry has been an influential concept in biology and morphometrics

since Huxley’s seminal treatise “Problems of Relative Growth” in 1932

(for reviews see, e.g., Gould 1966, 1977; Klingenberg 1998). Huxley’s

original version as well as its multivariate generalization by Jolicoeur

(1963) were based on multiplicative growth models for size measure-

ments such as bone lengths and other linear distances, areas, organ

weights or volumes. Allometry was thus expressed as a power func-

tion between traits, or equivalently, as a linear relationship between the

log-transformed traits. Logarithmic transformation of variables is also

common as a way of overall size correction and to account for di!erent

units (e.g., Gould 1966; Bookstein et al. 1985; Marcus 1990).

Geometric morphometric studies of allometry require a methodolo-

gical approach that di!ers in several aspects from the classic allometry

studies. Procrustes shape coordinates are shape variables, not size vari-

ables, and they have no natural zero point (they are on interval scales,

not ratio scales) and hence cannot be log transformed. Allometry is

thus expressed as a – usually linear – function of the Procrustes shape

coordinates, estimated by multivariate regression of the shape coordin-

ates on centroid size or the logarithm of centroid size (Fig. 4; see also

Bookstein 1991; Dryden and Mardia 1998; Klingenberg 1998; Mon-

teiro 1999; Mitteroecker et al. 2004a). Note that in the classic approach

to allometry a constant linear slope between two size variables indic-

ates a constant size ratio, i.e., isometric size increase, whereas a con-

stant linear slope between a shape variable and a size variable indicates

allometric size increase. The vector of regression coe"cients resulting

from the multivariate regression of the shape coordinates on CS de-

scribes how shape changes in response to one unit size increase. This

coe"cient vector, or an arbitrary multiple of this vector, can be visual-

ized as a shape deformation.

Statistical significance tests for allometry, i.e., for the dependence

of shape on size, usually are multivariate tests based on all shape co-

ordinates (or a subset of shape coordinates). Since allometry is com-

puted as a multivariate regression of the shape coordinates on CS, sig-

nificance levels can be computed either by the usual multivariate para-

metric methods (e.g., MANOVA) or by resampling tests, which do not

require normally distributed variables (e.g., Good 2000; Mitteroecker

and Gunz 2009; Bookstein in press).

Figure 4 – (a) The multivariate regression (shape regression) of the Procrustes shape
coordinates on ln centroid size is visualized by a TPS deformation grid. It represents the
allometric shape change that corresponds to a size increase of 2 standard deviations. (b)
Scatter plot of allometric shape (scores along the vector of regression coe"cients) versus
ln CS. (c) Visualization of PC 1 in form space (Fig. 3b). The left grid corresponds to a
deformation from the average form to -1 standard deviation (s.d.) along PC 1 and the
right grid to a deformation from the average form to +1 s.d. along PC 1. Note that the
configurations change both in shape and size along this direction in form space. The
shape changes depicted in (a) and (c) are very similar.
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In many morphometric data sets, allometry is the most dominant

factor of shape and form variation within one group. Thus allometry

often is closely aligned with the first (within-group) principal compon-

ent in shape space and particularly in form space (Mitteroecker et al.

2004a; see also Fig. 4c). However, since this is not guaranteed to be

the case for all data sets, the actual multivariate regression of shape on

CS is the more direct and reliable method to determine allometry and

should be preferred over the first PC in shape space or form space.

Similarly, it has become common practice in geometric morphomet-

rics to plot principal component scores of shape versus CS in order

to assess or test for allometry. But this approach is likewise not ideal

because single principal components are not necessarily good repres-

entations of allometric shape, especially if the PCA is over multiple

groups. Instead of plotting PC scores, the score along the allometry

vector (vector of regression coe"cients) can be plotted as an “allomet-

ric shape score” against CS or other variables (Fig. 4; see also the Ap-

pendix). Statistical tests for allometry, the dependence of shape on size,

should not be based on selected PCs, but should be multivariate tests

based on all shape coordinates or all principal components. Of course,

statistical tests for the dependence of form on size make no sense, since

form comprises both shape and size.

Ontogenetic allometry, the association between size and shape

across di!erent age stages, often is used as an estimate of a population’s

ontogenetic trajectory (average growth pattern), especially when the in-

dividual calendar ages are not known. Static allometry, the association

between size and shape within a single age stage (usually in adults),

has often been used to explain the coevolution of size and shape (i.e.,

evolutionary allometry – the association between size and shape across

multiple species) and as a model for functional and behavioral adapta-

tions (e.g., Gould 1966, 1977; Lande 1979; Cheverud 1982; Klingen-

berg 1998; Marroig and Cheverud 2005; Schaefer et al. 2004; Gunz

2012).

In the classic concept of allometry, a trait is considered as negatively

allometric if it increases less in size than other traits or overall size do.

The trait’s relative size thus decreases with increasing overall size. A

trait with positive allometry, by contrast, increases more in size than

other traits do. For instance, head size, compared to body size, is neg-

atively allometric during human growth, whereas limb length is posit-

ively allometric. The variables used in geometric morphometrics are

the shape coordinates of the landmarks. Positive or negative allometry

cannot be inferred from single shape coordinates (they are shape vari-

ables, not size variables, and depend on the actual superimposition).

All shape coordinates must be visualized together in order to draw in-

ferences about the relative size increase or decrease of specific parts

described by the landmarks (see the example below).

Comparison of allometric relationships
When comparing two or more groups of individuals, the question might

arise how allometry di!ers across the groups. In recent years, a large

body of literature on the morphometric comparison of growth patterns

and ontogenetic allometries arose, advocating di!erent morphometric

and statistical approaches (e.g., O’Higgins et al. 2001; Ponce de Leon

and Zollikofer 2001; Zelditch et al. 2003; Mitteroecker et al. 2004a,b,

2005; Gerber et al. 2007; Gerber 2011; Adams and Collyer 2009; Piras

et al. 2011; Gunz 2012; Collyer and Adams this issue; Sheets and

Zelditch this issue).

A simple and e!ective way to compare ontogenetic or static allo-

metry across groups is the visual comparison of deformation grids or

of series of reconstructed shapes representing group-specific allometry

(see Fig. 4 and the example below). Since these deformations can eas-

ily be described in qualitative morphological terms, the comparison of

deformations often leads to useful biological inferences.

Growth patterns and allometric relationships can be compared in

a more abstract way by assessing the geometry of the corresponding

vectors in shape space or form space. This can be particularly ef-

fective when comparing more than two trajectories (see the example

below), but the biological meaning of such quantifications, especially

of single parameters such as the angle between two trajectories, is not

always clear (Mitteroecker et al., 2004b, 2005; Huttegger and Mitter-

oecker, 2011). Ordinations such as principal component analysis or

between-group principal component analysis (Mitteroecker and Book-

stein, 2011) can be useful to explore ontogenetic and allometric trends

in di!erent groups. Growth trajectories and allometric vectors can be

plotted within a principal component plot, either as linear vectors or

as nonlinear estimates such as local linear regressions (e.g., Bulygina

et al. 2006; Coquerelle et al. 2011). Alternatively, multiple allometric

vectors can directly be compared by principal component analysis (for

examples see the analysis below and Schaefer et al. 2004).

Parallel ontogenetic trajectories or allometry vectors in two or more

groups indicate that the groups have the same linear pattern of (relat-

ive) growth during the observed age periods, even if they di!er in the

initial or in the adult morphology. If the average morphology of a spe-

cies di!ers from its ancestral average morphology mainly by the exten-

sion, truncation, or the developmental timing of an otherwise conserved

ontogenetic trajectory, the underlying evolutionary process is referred

to as allometric scaling or heterochrony (Gould, 1977; Alberch et al.,

1979; Klingenberg, 1998; Mitteroecker et al., 2004a, 2005; Gerber et

al., 2007).

Ontogenetic trajectories or allometry vectors di!ering in direction

indicate di!erent growth patterns or ontogenetic allometries. Many

studies advocated the use of the angle between two trajectories in shape

space as a measure of di!erence in allometry or growth. While this can

be useful, one should be careful in interpreting angles without the start-

ing positions of the trajectories. For example, the angle alone is not

su"cient to distinguish between diverging, converging, or intersecting

trajectories. Furthermore, if two or more pairs of trajectories deviate

in di!erent directions in shape space or form space, the angles may not

be comparable in a biologically meaningful way because they also de-

pend on the number and spatial distribution of landmarks (Huttegger

and Mitteroecker, 2011).

Example: Ontogenetic and static allometry of
male faces
In this empirical example we apply the methods described above to

assess allometry in human faces. A large number of studies investig-

ated how face shape leads to masculinity attributions and other social

inference, such as dominance, attractiveness, or trustworthiness (e.g.,

Zebrowitz and Montepare 2008; Schaefer et al. 2009; Little et al. 2011).

Head size and body height are positively correlated (e.g., Geraedts et

al. 2011), and body height has been found to play an important role

in studies of social inference and mate choice (Pawlowski et al., 2000;

Courtiol et al., 2010). Therefore, human facial allometry – aspects of

face shape reflecting body size – seems to be of central relevance to

these questions. However, it has received surprisingly little attention in

the literature.

Our sample comprises frontal photographs of 19 boys (age 6–11

years) and 25 men (age 17–33 years). A camera with a 200 mm lens

was positioned at eye height, 3.5 m away from the face. The heads were

adjusted according to the Frankfort Horizontal Plane, and a ruler was

placed next to one ear. This careful procedure is a prerequisite for the

reliable assessment of undistorted face shape and size (e.g., Schneider

et al. 2012).

On each image we digitized 35 anatomical landmarks and 34 semi-

landmarks to describe overall facial form (see Windhager et al. 2011

for details). Semilandmarks are points on smooth curves, for which the

exact location on the curve cannot be identified and hence is statistic-

ally estimated. We used the sliding landmark algorithm for this pur-

pose, which minimizes the bending energy, a measure of local shape

di!erence, between each individual and the sample average (Bookstein,

1997; Gunz et al., 2005; Gunz and Mitteroecker, this issue). This ap-

proach allows for the joint analysis of biologically homologous points

(anatomical landmarks) and curves (represented by geometrically cor-

responding semilandmarks).

After sliding the semilandmarks, all 44 landmark configurations

were superimposed by a Generalized Procrustes Analysis and sym-

metrized by averaging each landmark configuration with its relabeled
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Figure 5 – Scatterplot of the first two principal components (PC) of face shape. The individuals are labelled by their age. The red arrow represents ontogenetic allometry – the regression
of shape on ln centroid size. The facial reconstructions correspond to PC 1 scores of -0.7, 0, and 0.7 and to PC 2 scores of -0.5, 0, and 0.5, respectively. They visualize the shape
di!erences associated with the first two PCs.

reflection (Mardia et al., 2000; Mitteroecker and Gunz, 2009). Fig-

ure 5 shows a scatterplot of the first two principal components (PC 1

and PC 2) of the resulting shape coordinates, accounting for 42% and

14% of total shape variation. The di!erence between juvenile and adult

face shape is the most dominant factor of shape variation and hence is

closely aligned with the first principal component of shape – a common

finding in ontogenetic samples. The red arrow represents the coe"-

cient vector for the regression of shape on ln centroid size, i.e., actual

ontogenetic allometry, which is likewise aligned along PC 1. The three

facial configurations visualizing shape di!erences along PC 1 show an

overall elongation of the midface and the lower face, a relative decrease

in eye size, as well as a thickening and lowering of the eyebrows. Shape

changes associated with PC 2 reflect the di!erences between more gra-

cile and more robust faces (Fig. 5) – a pattern known to correlate with

prenatal testosterone exposure (Fink et al., 2005; Meindl et al., 2012).

Figure 6 shows the first two principal components of facial form

(Procrustes shape coordinates augmented by ln CS). They account for

79% and 6% of total form variation, respectively. The shape di!er-

ences corresponding to PC 1 are similar to the first PC in shape space

(Fig. 5), but PC 1 in form space additionally comprises di!erences in

size. As in most other morphometric datasets, PC 1 in form space ac-

counts for a larger fraction of total variance and is even more closely

aligned with allometry (the red arrow) than PC 1 in shape space.

Because facial growth comprises changes in both shape and size,

facial form more closely reflects an individual’s age than facial shape.

The first PC in form space accounts for 71% of variance in age, whereas

PC 1 in shape space accounts for 42% only.

Figure 7a contrasts ontogenetic allometry (the regression of shape

on ln CS in the full ontogenetic sample) with static allometry (the re-

gression of shape on ln CS in adults). Ontogenetic allometry, which

is close to PC 1, reflects the relative size increase (positive allometry)

of the lower face and the resulting decrease of relative eye size (negat-

ive allometry). A permutation test shows that ontogenetic allometry is

statistically significant (Tab. 1). The pattern of static allometry is less

pronounced and the regression is not significant, indicating a weaker al-

lometric relationship within male adults and less variation in face size.

Behavioral biological theory primarily refers to sexual dimorphism

separately in body size and in face shape, but face size is itself negat-

ively allometric with respect to body size during human ontogeny (for

our data, ln face CS and ln body height have a correlation of 0.47 and

a slope of 0.14 in adults). We thus also regressed face shape on body

height, both in the ontogenetic sample and in adults only. Furthermore,

we regressed face shape on age in the two samples (Fig. 7b,c). All three

ontogenetic regressions are very similar, reflecting the high correlation

between face size, body height, and age during ontogeny (the pairwise

correlation coe"cients range from 0.84 to 0.92). The static regres-

sion of shape on body height to some degree resembles the ontogenetic

pattern, but the static regression on age seems to reflect another pro-

cess—aging as opposed to growth. Static and ontogenetic regressions

on body height as well as on age are all significant (Tab. 1).

Figure 8 shows a more abstract comparison of the three ontogen-

etic and the three static patterns of allometry. All six coe"cient vec-

tors, standardized to unit length, are subjected to a principal compon-

ent analysis. The three ontogenetic regressions cluster together closely,

reflecting the similar deformation grids in Fig. 7, whereas the static re-

gressions are heterogeneous and di!er from the ontogenetic ones.

Discussion
Size, shape, and form

In this paper we briefly reviewed the concepts of size, shape, and form,

and how they are estimated in geometric morphometrics. The shape

of a landmark configuration is what remains after position, orientation,

and size have been filtered out. In geometric morphometrics, the shape

parameters of a set of landmark configurations usually are estimated by

Generalized Procrustes Analysis, and the scale of the configurations is

quantified separately by centroid size.

Size and shape are classic geometric concepts, and it is a long-

standing tradition in morphometrics to analyze and interpret variation

in shape separately from variation in size. Yet every organism, and

every part of an organism, has a certain form, i.e., a certain size and

shape. Modern geometric morphometrics hence o!ers two modes of

analysis: an analysis of shape separately from size, and the joint ana-

lysis of size and shape in a single form space. But when should one

study the shape of objects, separately from size, and when their form?

Form is the more comprehensive description of an object than shape

alone; it should be used, for instance, in classification studies whenever

groups of organisms di!er both in size and shape. Discrimination and

Table 1 – Explained variance and statistical significance for the ontogenetic and static
regressions of shape on the natural logarithm of centroid size (ln CS), body height, and
age. The p-values were estimated by permutation tests using 1000 random permutations
and the explained variance as the test statistic.

ontogenetic regressions static regressions
p-value expl. var. p-value expl. var.

ln CS p<0.001 22.4% p=0.76 2.8%
body height p<0.001 23.5% p<0.001 7.8%
age p<0.001 20.1% p<0.001 7.0%
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Figure 6 – Scatterplot of the first two principal components (PCs) of facial form (Procrustes shape coordinates augmented by ln CS). The individuals are labelled by their age. The
redarrow represents ontogenetic allometry (allometric shape and size) – the regression of form on ln CS. The facial reconstructions visualize the form di!erences associated with the
first two PCs and correspond to PC 1 scores of 3.44, 3.63, and 3.82 and to PC 2 scores of 0.78, 0.84, and 0.90, respectively.

classification based on form usually is more successful than based on

shape alone (e.g., Mitteroecker and Bookstein 2011). Likewise, when

predicting a variable, such as age in our example on facial morphology,

form is the better predictor than shape whenever size is related to the

variable as well. In most studies of growth and development, changes

both in size and shape may be of scientific relevance and can be ana-

lyzed jointly.

When variation in shape is explained di!erently from variation in

size, or when size di!erences are used as an explanation of shape dif-

ferences (such as in studies of allometry), shape and size should be

quantified and analyzed separately. In some studies, particularly on or-

ganisms with indeterminate growth, both geometric size and allomet-

ric shape might intentionally be neglected and removed from the data.

When the size of the measured objects is not well preserved (e.g., be-

cause of unstandardized photographs), shape should of course be ana-

lyzed separately from size.

In general, it is a useful exploratory approach to contrast ordinations

in shape space to that in form space. For example, ontogenetic traject-

ories that overlap or are parallel in shape space but di!er in direction

in form space indicate a dissociation of size and shape during ontogeny

(e.g., Mitteroecker et al. 2004a, 2005; Gerber et al. 2007). An a priori

limitation of a morphometric analysis to either shape or size should be

justified explicitly.

Geometric morphometrics o!ers powerful techniques for the visu-

alization of both shape di!erences and form di!erences. Deforma-

tion grids and series of reconstructed shapes or forms can easily be

interpreted within a biological context (e.g., Bookstein 1991). Ordin-

ations and other multivariate statistical analyses of high-dimensional

shape spaces or form spaces can be useful when comparing relation-

ships between multiple groups, but meaningful biological interpreta-

tions of such analyses are more di"cult (e.g., Mitteroecker et al. 2004b,

2005; Huttegger and Mitteroecker 2011; Bookstein in press). A care-

ful ordination analysis, consilient with a biological explanation, can be

more convincing than lists of geometric parameters and significance

tests (McCloskey and Ziliak, 2009; Bookstein, in press). Furthermore,

in contrast to deformation grids, most multivariate analyses and geo-

metric parameters in shape or form space do not account for the spa-

tial relationship among landmarks (they ignore the mean shape), even

though the information is present in the shape coordinates. For ex-

ample, all shape coordinates contribute equally to multivariate statist-

ics such as covariance matrices or the angle between two trajectories,

regardless of whether the landmarks are far apart or whether they al-

most have the same position (e.g., Mitteroecker 2009; Huttegger and

Figure 7 – Visualization of the ontogenetic and static shape regressions. (a) Facial allo-
metry estimated via regressions of face shape on ln CS in the full ontogenetic sample
(ontogenetic allometry) and in the subsample of adults (static allometry). The displayed
grids are deformations from the mean shape to shapes corresponding to -2 standard de-
viations (s.d.) and +2 s.d. of centroid size. (b) Regression of face shape on body height in
the full sample and in adults only. (c) Regression of face shape on age in the full sample
and in adults only.

Figure 8 – Principal component analysis of the six shape regression vectors (stand-
ardized to the same length) shown in Fig. 7. The ontogenetic regressions are very
similar and hence point into a similar direction in this ordination, whereas the three
static regressions di!er considerably, with the vector of the static regression on
body heigh located closest to the ontogenetic ones.
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Mitteroecker 2011). Further theoretical and statistical developments

may lead to more powerful morphometric analyses.

Facial allometry

We have applied geometric morphometric methods to study ontogen-

etic and static allometry in human faces. Despite its obvious import-

ance for studies in face perception and evolutionary psychology, facial

allometry has received little attention in the corresponding literature.

The ontogenetic relationship between body size, face size, and face

shape is no big surprise since they all change considerably with age.

But our results further reveal shape cues to body size in the adult male

face, partly resembling ontogenetic allometry. Face size, by contrast,

is less clearly and not significantly related to face shape in our adult

sample.

This has far reaching consequences for several lines of face research.

Shorter men on average have more childlike facial features than taller

men, which in turn a!ect trait attributions and social stereotyping

(Zebrowitz and Montepare, 2008). Facial allometry might thus be an

important confounding factor in studies of facial masculinity, domin-

ance, and the like.

We further found age-related shape changes in the adult male face,

resembling the qualitative descriptions of Albert et al. (2007): the face

becomes wide relative to its length and the lips become thinner, even

after correcting for body weight. These are features typically associ-

ated with and perceived as mature and male, even in inanimate objects

(Windhager et al., 2008).

E!ects of aging on face shape di!er from the subadult growth pat-

tern, even in our sample with an adult age range from 17 to only 33

years. This may confound estimates of ontogenetic allometry and lin-

ear growth trajectories when pooling subadult individuals with adults

of a large age range.

Appendix
Here we give some details about the visualization of regression and principal com-
ponent analysis in shape space and in form space. To our knowledge, the visualization
in form space has not been published before.

Let si be a vector of the pk shape coordinates of the ith individual, where p is the
number of landmarks in k dimensions, and i = 1, . . . , n. Let further a be a vector
of pk regression coe"cients (resulting, for example, from a regression of the shape
coordinates on CS in order to estimate allometry) or a vector of principal component
loadings in shape space. The coe"cient vector a can be visualized as a deformation
grid between a reference shape, usually the mean shape si, and si +fa, the reference
shape plus a convenient multiple f of the coe"cient vector a. It is e!ective to contrast
two deformations, one from the reference to si ! fa and one from the reference to
si + fa (such as in Fig. 7), or to present a series of reconstructed shapes, such as
si ! fa, si, and si + fa (Fig. 5). Scores along the vector a, that is, a variable
reflecting allometric shape (Fig. 4), can be computed as the linear combination a"si.
When a is scaled to unit length, the linear combination is equal to an orthogonal
projection on the coe"cient vector.

Vectors in form space, resulting from a regression of form on some variable or
from PCA in form space, can be visualized as form deformations or series of recon-
structed forms, comprising di!erences in both size and shape. When form space is
constructed based on the pk coordinates of the centered and rotated – but not scaled –
landmark configurations, the visualization can proceed as described above for shape,
but now a might induce a change in size.

When form space is based instead on the shape coordinates (centered, scaled, and
rotated configurations) together with the natural logarithm of centroid size (pk + 1
variables in total), the visualization is slightly more complex. A vector b of regres-
sion coe"cients or of principal component loadings in form space consists of pk
coe"cients or loadings for the Procrustes shape coordinates and one for ln CS. Let
b1...pk denote the elements of b corresponding to the shape coordinates and bpk+1

the element corresponding to ln CS. The visualization of b must be based on a ref-

erence form, which usually is the product sieln!i , that is, the mean shape si scaled
by the mean size ln!i, where !i is the centroid size of the ith individual. Note that
when size is measured by ln CS, the average shape must be scaled by the exponential
function of the average ln CS, which is equal to the geometric mean of CS. The target

of the deformation is (si + fb1...pk)eln!i+fbpk+1 , i.e., the shape si + fb1...pk

scaled by ln!i +fbpk+1. For the visualization of form di!erences the absolute size
usually does not matter, just the relative size di!erence associated with some shape
di!erence is presented. The reference and the target forms can thus be rescaled by the
same size factor and the terms above can be simplified to si for the reference form
and to (si + fb1...pk)efbpk+1 for the target form.

In order to visualize allometry as a shape change together with the corresponding

size change, one can add the vector of slopes resulting from the regression of the

shape coordinates on ln CS to a reference form, and increase the scale of this reference

form (measured as ln CS) by one unit. This is equivalent to regressing form (shape

coordinates plus ln CS) on ln CS and to follow the procedure outlined above (the slope

for ln CS would be 1). The same regression of form on ln CS (i.e., the regression

slopes of shape on ln CS plus one element containing 1) can be used to project the

vector of allometry (vector of regression slopes) into a PCA plot of form space (e.g.,

such as in Fig. 6).

References
Adams D.C., Collyer M.L., 2009. A general framework for the analysis of phenotypic tra-

jectories in evolutionary studies. Evolution 63: 1143–1154.
Adams D.C., Rohlf F.J., Slice D.E., 2004. Geometric morphometrics: Ten years of progress

following the “revolution”. Italian Journal of Zoology 71: 5–16.
Alberch P., Gould S.J., Oster G.F., Wake D.B., 1979. Size and shape in ontogeny and phylo-

geny. Paleobiology 5: 296–317.
Albert A.M., Ricanek K. Jr., Patterson E., 2007. A review of the literature on the aging adult

skull and face: Implications for forensic science research and applications. Forensic Sci.
Int. 172(1): 1–9.

Bookstein F., 1991. Morphometric tools for landmark data: geometry and biology. Cam-
bridge University Press, Cambridge (UK); New York.

Bookstein F., 1996. Biometrics, biomathematics and the morphometric synthesis. Bull.
Math. Biol. 58(2): 313–365.

Bookstein F., 1997. Landmark methods for forms without landmarks: morphometrics of
group di!erences in outline shape. Med. Image Anal. 1(3): 225–243.

Bookstein F.L., (in press). Reasoning and Measuring: Numerical Inference in the Sciences.
Cambridge University Press, Cambridge (UK).

Bookstein F., Cherno! B., Elder R.L., Humphries J.M., Smith G.R., Strauss R.E., 1985.
Morphometrics in Evolutionary Biology: The geometry of size and shape change, with
examples from fishes. Academy of Sciences of Philadelphia Special Publication 15.

Bookstein F., Schäfer K., Prossinger H., Seidler H., Fieder M., Stringer C., Weber G.W.,
Arsuaga J.L., Slice D.E., Rohlf F.J., Recheis W., Mariam A.J., Marcus L.F., 1999. Com-
paring frontal cranial profiles in archaic and modern homo by morphometric analysis.
Anat Rec 257(6): 217–224.

Bulygina E., Mitteroecker P., Aiello L.C., 2006. Ontogeny of facial dimorphism and pat-
terns of individual development within one human population. Am. J. Phys. Anthropol.
131(3): 432–443.

Cheverud J.M., 1982. Relationships among ontogenetic, static, and evolutionary allometry.
Am. J. Phys. Anthropol. 59: 139–149.

Collyer M.L., Adams D.C., 2013. Phenotypic trajectory analysis: comparison of shape
change patterns in evolution and ecology. Hystrix 24(1) (online first) doi:10.4404/hystrix-
24.1-6298

Coquerelle M., Bookstein F.L., Braga J., Halazonetis D.J., Weber G.W., Mitteroecker P.,
2011. Sexual dimorphism of the human mandible and its association with dental devel-
opment. Am. J. Phys. Anthropol. 145: 192–202

Courtiol A., Raymond M., Godelle B., Ferdy J.-B., 2010. Mate choice and human stature:
Homogamy as a unified framework for understanding mating preferences. Evolution
64(8): 2189–2203.

Dryden I.L., Mardia K.V., 1998. Statistical Shape Analysis. John Wiley and Sons, New
York.

Fink B., Grammer K., Mitteroecker P., Gunz P., Schaefer K., Bookstein F.L., Manning J.T.,
2005. Second to fourth digit ratio and face shape. Proc. R. Soc. Lond. B 272(1576):
1995–2001.

Gerber S., 2011. Comparing the di!erential filling of morphospace and allometric space
through time: the morphological and developmental dynamics of Early Jurassic am-
monoids. Paleobiology 37: 369–382.

Gerber S., Neige P., Eble G.J., 2007. Combining ontogenetic and evolutionary scales of
morphological disparity: a study of early Jurassic ammonites Evolution & Development
9(5): 472–482.

Geraedts E.J., van Dommelen P., Caliebe J., Visser R., Ranke M.B., van Buuren S., Wit
J.M., Oostdijk W., 2011. Association between head circumference and body size. Horm.
Res. Paediatr. 75(3): 213–219.

Good P., 2000. Permutation tests: a practical guide to resampling methods for testing hy-
potheses (2nd ed.) Springer Series in Statistics. Springer, New York.

Goodall C., 1991. Procrustes methods in statistical analysis of shape (with discussion and
rejoinder). J. Roy. Stat. Soc. 53: 285–339.

Gould S.J., 1966. Allometry and size in ontogeny and evolution. Biological Reviews 41:
587–640.

Gould S.J., 1977. Ontogeny and Phylogeny. Harvard University Press, Cambridge.
Gower J., 1975. Generalized procrustes analysis. Pyschometrika 40: 33–51.
Gunz P., 2012. Evolutionary relationships among robust and gracile australopiths: an “evo-

devo” perspective. Evolutionary Biology 39: 472–487.
Gunz P., Mitteroecker P., 2013. Semilandmarks: a method for quantifying curves and sur-

faces. Hystrix 24(1) (online first) doi:10.4404/hystrix-24.1-6292
Gunz P., Mitteroecker P., Bookstein F.L., 2005. Semilandmarks in three dimensions. In:

Slice D.E. (Ed.) Modern Morphometrics in Physical Anthropology. Kluwer Press, New
York. 73–98.

Huttegger S., Mitteroecker P., 2011. Invariance and Meaningfulness in Phenotype Spaces.
Evolutionary Biology 38: 335–352.

Jolicoeur P., 1963. The multivariate generalization of the allometry equation. Biometrics
19: 497–499.

Kendall D., 1984. Shape manifolds, Procrustean metrics and complex projective spaces.
Bull. London Math. Soc. 16(2): 81–121.

Klingenberg C.P., 1998. Heterochrony and allometry: the analysis of evolutionary change
in ontogeny. Biological Reviews 73: 70–123.

Klingenberg C.P., 2010. Evolution and development of shape: integrating quantitative ap-
proaches. Nature Reviews Genetics 11: 623–635.

Lande R., 1979. Quantitative genetic analysis of multivariate evolution, applied to
brain:body size allometry. Evolution 33: 402–416.

Little A.C., Jones B.C., DeBruine L.M., 2011. Facial attractiveness: evolutionary based
research. Philos. Trans. R. Soc. B-Biol. Sci. 366(1571): 1638–1659.

65



Hystrix, It. J. Mamm. (2013) 24(1): 59–66

Marcus L.F., 1990. Traditional morphometrics. In: Rohlf F.J., Bookstein F.L. (Eds.). Proc.
Michigan Morphometrics Workshop. Univ. Michigan Museums, Ann Arbor, Michigan.
77–122.

Marcus L.F., Hingst-Zaher E., Zaher H., 2000. Application of landmark morphometrics
to skulls representing the orders of living mammals. Hystrix 11(1): 27–47. doi:10.4404/
hystrix-11.1-4135

Mardia K.V., Bookstein F., Moreton I., 2000. Statistical assessment of bilateral symmetry
of shapes. Biometrika 87: 285–300.

Marroig G., Cheverud J.M., 2005. Size as a line of least evolutionary resistance: diet and
adaptive morphological radiation in New World monkeys. Evolution 59(5): 1128–1142.

McCloskey D.M., Ziliak S.Z., 2009. The Unreasonable Ine!ectiveness of Fisherian “Tests”
in Biology, and Especially in Medicine. Biological Theory 4(1): 44–53.

Meindl K., Windhager S., Wallner B., Schaefer K., 2012. Second-to-fourth digit ratio and
facial shape in boys: the lower the digit ratio, the more robust the face. Proc. R. Soc.
B-Biol. Sci. 279: 2457–2463.

Mitteroecker P., 2009. The Developmental Basis of Variational Modularity: Insights from
Quantitative Genetics, Morphometrics, and Developmental Biology. Evolutionary Bio-
logy 36: 377–385.

Mitteroecker P., Bookstein F.L., 2011. Classification, linear discrimination, and the visu-
alization of selection gradients in modern morphometrics. Evolutionary Biology. 38:
100–114.

Mitteroecker P., Gunz P., 2009. Advances in geometric morphometrics. Evolutionary Bio-
logy 36: 235–247.

Mitteroecker P., Gunz P., Bernhard M., Schaefer K., Bookstein F., 2004. Comparison of cra-
nial ontogenetic trajectories among great apes and humans. Journal of Human Evolution
46: 679–697.

Mitteroecker P., Gunz P., Weber G.W., Bookstein F.L., 2004b. Regional dissociated hetero-
chrony in multivariate analysis. Annals of Anatomy 186(5–6): 463–470.

Mitteroecker P., Gunz P., Bookstein F.L., 2005. Heterochrony and geometric morphomet-
rics: A comparison of cranial growth in Pan paniscus versus Pan troglodytes. Evolution
& Development 7(3): 244–258.

Mitteroecker P., Huttegger S., 2009. The Concept of Morphospaces in Evolutionary and
Developmental Biology: Mathematics and Metaphors. Biological Theory 4(1): 54–67.

Monteiro L.R., 1999. Multivariate Regression Models and Geometric Morphometrics: The
Search for Causal Factors in the Analysis of Shape. Systematic Biology 48: 192–199.

Mosimann J.E., 1970. Size allometry: Size and shape variables with characterizations of
the lognormal and generalized gamma distributions. Journal of the American Statistical
Association 65: 930–945.

O’Higgins P., Chadfield P., Jones N., 2001. Facial growth and the ontogeny of morpholo-
gical variation within and between the primates Cebus apella and Cercocebus torquatus.
J. Zool., Lond. 254: 337–357.

Pawlowski B., Dunbar R.I.M., Lipowicz A., 2000. Evolutionary fitness: Tall men have more
reproductive success. Nature 403(6766): 156.

Piras P., Salvi D., Ferrar S., Maiorino L., Delfino M., Pedde L., Kotsakis T., 2011. The
role of post-natal ontogeny in the evolution of phenotypic diversity in Podarcis lizards.
Journal of Evolutionary Biology 24(12) :2705–2720.

Ponce de Leon M.S., Zollikofer C.P., 2001. Neanderthal cranial ontogeny and its implica-
tions for late hominid diversity. Nature 412(6846): 534–538.

Rohlf F.J., 1999. Shape Statistics: Procrustes Superimpositions and Tangent Spaces. J. Clas-
sification 16: 197–223.

Rohlf F. J., Marcus L. F. 1993. A Revolution in Morphometrics. Trends Ecol. Evol. 8(4):
129–132.

Rohlf F.J., Slice D.E., 1990. Extensions of the Procrustes method for the optimal superim-
position of landmarks. Syst. Zool. 39: 40–59.

Schaefer K., Mitteroecker P., Gunz P., Bernhard M., Bookstein F.L., 2004. Craniofacial
Dimorphism Patterns and Allometry among Hominoids. Annals of Anatomy 186(5–6):
471–478.

Schaefer K., Mitteroecker P., Fink B., Bookstein F.L., 2009. Psychomorphospace – from
biology to perception, and back: Towards an integrated quantification of facial form
variation. Biological Theory 4(1): 98–106.

Schneider T.M., Hecht H., Carbon C.-C., 2012. Judging body weight from faces: The height
– weight illusion. Perception 41(1): 121–124.

Sheets H.D., Zelditch M.L., 2013. Studying ontogenetic trajectories using resampling meth-
ods and landmark data. Hystrix 24(1) (online first) doi:10.4404/hystrix-24.1-6332

Slice D.E., 2007. Geometric Morphometrics. Ann. Rev. Anthropol. 36: 261–281.
Slice D.E., 2001. Landmark coordinates aligned by Procrustes analysis do not lie in Kend-

all’s shape space. Systematic Biology 50(1): 141–149.
Slice D.E., 1996. Three-dimensional, generalized resistant fitting and the comparison of

least-squares and resistant-fit residuals. In: Marcus L.F., Corti M., Loy A., Nayler G.J.P.,
Slice D.E. (Eds.). Advances in Morphometrics. Plenum Press, New York.

Small C., 1996. The statistical theory of shape. Springer, New York.
Stadler B.M.R., Stadler P.F., Wagner G., Fontana W., 2001. The topology of the possible:

Formal spaces underlying patterns of evolutionary change. Journal of Theoretical Bio-
logy 213: 241–274.

Theobald D.L., Wuttke D.S., 2006. Empirical Bayes hierarchical models for regularizing
maximum likelihood estimation in the matrix Gaussian Procrustes problem. Proc. Natl.
Acad. Sci. U.S.A. 103: 18521–18527.

Windhager S., Schaefer K., Fink B., 2011. Geometric morphometrics of male facial shape
in relation to physical strength and perceived attractiveness, dominance, and masculinity.
Am. J. Hum. Biol. 23(6): 805–814.

Windhager S., Slice D.E., Schaefer K., Oberzaucher E., Thorstensen T., Grammer K., 2008.
Face to face – The perception of automotive designs. Hum. Nat. – Interdiscip. Biosoc.
Perspect. 19(4): 331–346.

Zebrowitz L.A., Montepare J.M., 2008. Social psychological face perception: why appear-
ance matters. Social and Personality Psychology Compass 2(3): 1497–1517.

Zelditch M.L., Sheets H.D., Fink W.L., 2003. The ontogenetic dynamics of shape disparity.
Paleobiology 29: 139–156.

Zelditch M.L., Swiderski D.L., Sheets D.S., Fink W.L., 2004. Geometric Morphometrics
for Biologists. Elsevier Academic Press, San Diego.

Zollikofer C.P., Ponce de Leon M.S., 2002. Visualizing patterns of craniofacial shape vari-
ation in Homo sapiens. Proc. Biol. Sci. 269(1493): 801–807.

Associate Editor: A. Loy

66


